An excellent ring of prime characteristic for which the Frobenius map is pure is also Frobenius split in many commonly occurring situations in positive characteristic commutative algebra and algebraic geometry. However, using a fundamental construction from rigid geometry, we show that excellent F -pure rings of prime characteristic are not Frobenius split in general, even for Euclidean domains. Our construction uses the existence of a complete non-Archimedean field k of characteristic p with no nonzero continuous klinear maps k 1/p → k. An explicit example of such a field is given based on ideas of Gabber, and may be of independent interest. Our examples settle a long-standing open question in the theory of F -singularities whose origin can be traced back to when Hochster and Roberts introduced the notion of F -purity. The excellent Euclidean domains we construct also admit no nonzero R-linear maps R 1/p → R. These are the first examples that illustrate that F -purity and Frobenius splitting define different classes of singularities for excellent domains, and are also the first examples of excellent domains with no nonzero p −1 -linear maps. The latter is particularly interesting from the perspective of the theory of test ideals.
Introduction
Let R be a Noetherian ring of prime characteristic p > 0. A key theme in characteristic p commutative algebra and algebraic geometry is to use the Frobenius homomorphism Our main result shows that even excellent regular rings are not Frobenius split in general.
Theorem A. For every prime p > 0, there exists a complete non-Archimedean field (k, | · |) of characteristic p such that the Tate algebra T n (k) := k{X 1 , X 2 , . . . , X n } is not Frobenius split for each n > 0. In fact, T n (k) admits no nonzero T n (k)-linear maps F Tn(k) * T n (k) → T n (k) for each n > 0.
The origin of Question 1.1 can be traced to the aforementioned work of Hochster and Roberts on the purity of Frobenius, where the equivalence of F -purity and Frobenius splitting is observed when F R is a finite map [HR76, Cor. 5.3 ]. Finiteness of Frobenius implies R is excellent by [Kun76, Thm. 2 .5]. Question 1.1 also has an affirmative answer when R is essentially of finite type over a complete local ring (by forthcoming work of the two authors; see [Mur19, Thm. B.2.3] ). Thus, the notions of F -purity and Frobenius splitting coincide for all rings appearing in the study of algebraic varieties over positive characteristic fields.
The Tate algebra T n (k), introduced by Tate [Tat71] , is the analogue of the polynomial ring k[X 1 , . . . , X n ] in the world of rigid analytic geometry and shares many of its good properties (see [Bos14] and Theorem 2.7). For example, T n (k) is an n-dimensional Jacobson unique factorization domain that is regular (hence F -pure), and is excellent by a theorem of Kiehl [Kie69, Thm. 3.3 ]. Theorem A says that despite the similarities between T n (k) and k[X 1 , . . . , X n ], rigid analytic geometry and classical algebraic geometry are fundamentally different from the perspective of Frobenius splittings. Theorem A should also be contrasted with [DS18, Thm. 3 .2], where Smith and the first author show that if R is a Noetherian domain of characteristic p whose fraction field K satisfies [K 1/p : K] < ∞, then R is excellent precisely when R admits a nonzero R-linear map F R * R → R.
We establish Theorem A by first proving the following necessary and sufficient criterion for Frobenius splitting of the Tate algebra T n (k) in terms of a topological property of the non-Archimedean field k.
Theorem B. Let (k, | · |) be a complete non-Archimedean field of characteristic p > 0. The following are equivalent:
• T n (k) is Frobenius split for each integer n > 0.
• T n (k) has a nonzero T n (k)-linear map F Tn(k) * T n (k) → T n (k) for each integer n > 0.
• There exists a nonzero continuous k-linear homomorphism f :
The equivalent statements above are a subset of those we prove in Theorem B. Here, we view k 1/p as a normed k-vector space with the canonical norm that extends the norm on k, and then equip k 1/p and k with the corresponding metric topologies to be able to talk about continuous maps. Using this topological characterization, Theorem A follows by explicitly constructing a non-Archimedean field (k, | · |) for which k 1/p admits no nonzero continuous linear functionals (see Theorem 5.2). The existence of such fields is suggested by Gerritzen [Ger67] and Kiehl [Kie69] (see also [BGR84, p. 63] ), who take significant care to show that the Tate algebra is Japanese and excellent when [k 1/p : k] is infinite. However, we were unable to locate an explicit example in the literature, and the example in Theorem 5.2 is due to Ofer Gabber. Similar constructions of valuative fields with infinite p-degree have been studied by Blaszczok and Kuhlmann [BK15] , although the connection with the existence of continuous functionals was not made (see Remark 5.4).
We would like to isolate one consequence of Theorem B to emphasize the simplicity of the examples obtained in this paper.
Corollary C. There exists an excellent Euclidean domain R of characteristic p > 0 such that R admits no nonzero R-linear maps F R * R → R. Moreover, one can choose R to be local and Henselian as well.
Corollary C follows from Theorem B and the aforementioned example of a non-Archimedean field k with no nonzero continuous linear functionals k 1/p → k upon taking R to be the Tate algebra T 1 (k). For this, one uses the well-known fact that like k[X], the Tate algebra T 1 (k) is a Euclidean domain (see Theorem 2.7(vi)). In addition, we obtain a local and Henselian example by proving an analogue of Theorem B for convergent power series rings (see Definition 4.1) in Theorem 4.4. Corollary C should be contrasted with the well-known fact that a Noetherian complete local F -pure ring is always Frobenius split (see Remark 5.6). Thus, our local Henselian example shows that Question 1.1 fails even for the class of excellent Noetherian local rings that are closest in behavior to complete local rings.
Maps of the form F R * R −→ R (1) are used extensively in prime characteristic commutative algebra and algebraic geometry. One of the first such examples comes from looking at the stalks of the Cartier operator, which is a map of the form F X * ω X → ω X on a smooth variety X over a perfect field of prime characteristic [Car57] . Blickle and Böckle later called maps of the form (1) p −1 -linear maps [BB11, p. 86]. The reason for this terminology is that for r ∈ R and
where the first equality follows from the R-module structure on F R * R induced by restriction of scalars via the Frobenius homomorphism F R .
The notion of a p −1 -linear map was used by Hara and Takagi [HT04] , Schwede [Sch10] , and Blickle [Bli13] , among others, to give an alternate approach to the theory of test ideals. Test ideals were originally defined by Hochster and Huneke in their celebrated theory of tight closure [HH90] , and later extended to the context of pairs by Hara and Yoshida [HY03] and Takagi [Tak04] . Quite surprisingly, test ideals were shown to be related to the characteristic zero notion of multiplier ideals by work of Smith [Smi00], Hara [Har01] , Hara and Yoshida [HY03] , and Takagi [Tak04] . Since then, algebraists and geometers have used test ideals to establish many prime characteristic analogues of characteristic 0 results whose proofs require deep vanishing theorems that are known to fail in positive characteristic [Ray78; HK15] . See the surveys [ST12; BS13; SZ15; PST17; TW18] for various applications. More recently, Schwede's insight [Sch10] to use compatibly split subschemes defined via p −1 -linear maps as a foundation for the theory of test ideals, building on the work of Mehta and Ramanathan [MR85] and Lyubeznik and Smith [LS01] , has further advanced our understanding of positive characteristic rings and varieties. In this context, Corollary C serves to caution us that although excellent rings have nonzero p −1 -linear maps in many geometric situations, they may fail to have such maps in general. In particular, the approach to test ideals using p −1 -linear maps will require a different formulation if one hopes to generalize the theory to arbitrary excellent rings and schemes over F p . Even an extension of the theory encompassing Tate algebras and their quotients may need a new approach.
While our emphasis so far has been on non-existence results, Theorem B has positive consequences as well. For instance, we can show that T n (k) is Frobenius split for many commonly occurring non-Archimedean fields of positive characteristic.
Corollary D. Let (k, | · |) be a complete non-Archimedean field of characteristic p > 0. For each n > 0, the Tate algebra T n (k) is Frobenius split in the following cases:
A spherically complete non-Archimedean field (see Definition 2.13) is a generalization of a field equipped with a discrete valuation whose corresponding valuation ring is complete. We also prove Frobenius splitting under a more technical hypothesis generalizing (i) and (ii) that we do not mention here. The proof of Corollary D requires some knowledge of non-Archimedean functional analysis that we will summarize in Subsection 2.2. The essential fact is that when k is a non-Archimedean field of the above two types, then variants of the Hahn-Banach theorem for normed spaces over R or C also hold for normed spaces over k. In particular, this gives a wealth of nonzero continuous linear functionals of k 1/p , thereby allowing us to use Theorem B.
Organization of the paper. In Section 2, we review all definitions and results from non-Archimedean analysis that are used in the rest of the paper. Our aim in writing this section has been to motivate some of the constructions of non-Archimedean geometry by relating them to more familiar constructions for polynomial rings. In Section 3, we first prove Theorem B and then use it to deduce Frobenius splitting of Tate algebras in some cases in Corollary D. In Section 4, we adapt the proof of Theorem B to the local setting of convergent power series rings (see Theorem 4.4), that later gives us a wealth of local examples for which Question 1.1 fails. Finally, Section 5 contains Gabber's example of a non-Archimedean field k such that k 1/p admits no nonzero continuous linear functionals. Theorem A and Corollary C are then proved as straightforward consequences of Theorem B by working over the aforementioned example. Their analogues for the local ring of convergent power series are observed as well.
Notation. All rings will be commutative with identity. If R is a ring of prime characteristic p > 0, then the Frobenius homomorphism on R is the ring homomorphism
The notation F R * R is used to emphasize the fact the target of the Frobenius homomorphism has the (left) R-algebra structure given by r · x = r p x. An R-linear map F R * R → R will often be called a p −1 -linear map. Thus, a Frobenius splitting of R is a p −1 -linear map that sends 1 to 1. If R is a domain, we will sometimes identify F R * R with the ring R 1/p of p-th roots of elements in R. Under this identification, the Frobenius homomorphism F R : R → F R * R corresponds to the inclusion R ֒→ R 1/p .
A review of non-Archimedean analysis
We will use basic results from non-Archimedean functional analysis to produce our counterexamples and to prove that the Tate algebra is Frobenius split in some commonly occurring situations. Thus, we collect all relevant definitions and results we will need in the present section to make the paper easier to navigate for readers unfamiliar with the non-Archimedean world. All results appearing in this section are well-known.
2.1. Non-Archimedean fields, normed spaces, and Tate algebras.
is a pair consisting of a field k and a non-Archimedean valuation | · | : k → R ≥0 (written multiplicatively), which is a function that satisfies:
• |x| = 0 if and only if x = 0;
• |x + y| ≤ max{|x|, |y|}; and • |xy| = |x| · |y|. The valuation ring of k is the subring k • := {x ∈ k : |x| ≤ 1}. This is a local ring with maximal ideal k •• := {x ∈ k : |x| < 1}. The value group of k is the group |k × |.
Convention 2.2. We will assume in this paper that all non-Archimedean fields are complete with respect to the metric |x − y| induced by | · |, and that the value group |k × | is not the trivial group. This latter assumption implies that k • has Krull dimension 1 [Mat89, Thm. 10.7].
We will use the following well-known property of valuations.
Lemma 2.3. Let (k, | · |) be a non-Archimedean field. For x, y ∈ k, if |x| = |y|, then |x + y| = max |x|, |y| .
Proof. Assume without loss of generality that |x| < |y|. Then, y = 0, and so |x + y| = |y(x/y + 1)| = |y| · |x/y + 1| = |y|.
Here, the last equality follows because
We next define the analogue of a vector space over a non-Archimedean field.
Definition 2.4. Let (k, | · |) be a non-Archimedean field. A normed space (E, · ) over k is a k-vector space E with a norm · : E → R ≥0 that satisfies the following properties:
• x = 0 if and only if x = 0; • x + y ≤ max{ x , y }; and • If c ∈ k and x ∈ E, then cx = |c| · x . If E is complete in the metric induced by · , then E is called a Banach space over k.
A Banach k-algebra (A, · ) is a k-algebra A such that (A, · ) is a k-Banach space and such that the norm · satisfies the following additional property:
• xy ≤ x · y . The norm · is multiplicative if equality holds in the above inequality.
All Banach algebras considered in this paper will be multiplicative.
Remark 2.5.
(i) A finite-dimensional vector space E over a non-Archimedean field (k, | · |) can always be given the structure of a k-Banach space in a canonical way. Indeed, if x 1 , x 2 , . . . , x n is a basis of E, then for every element x = i a i x i where a i ∈ k, one can define
Now, because k is complete with respect to | · |, every norm on E is equivalent to the one just defined, even though this norm depends on the choice of the basis [Bos14, App. A, Thm. 1]. It is fairly straightforward to verify that E is complete in the above norm. (ii) When ℓ is an algebraic extension of k, by expressing ℓ as a filtered colimit of finite subextensions, one can show that there exists a unique (not just equivalent) norm on ℓ that extends the norm on k [Bos14, App. A, Thm. 3]. However, if [ℓ : k] = ∞, then ℓ need not be complete with respect to the metric induced by this norm.
The principal example of a Banach k-algebra is the Tate algebra.
Definition 2.6 (see [Bos14, Def. 2.2/2]). Let (k, | · |) be a non-Archimedean field. For every positive integer n > 0, the Tate algebra in n indeterminates over k is the k-subalgebra
of the formal power series k X 1 , X 2 , . . . , X n in n indeterminates over k. An element of T n (k) is called a restricted power series. For n = 1, we will denote the indeterminate in T 1 (k) by just X instead of X 1 .
The Tate algebra becomes a k-Banach algebra when equipped with the Gauss norm, which is defined as follows. For every element ν∈Z n
One can show that the Gauss norm is multiplicative [Bos14, .
The remarkable fact is that T n (k) shares many properties of the polynomial ring k[X 1 , . . . , X n ]. We collect these properties for readers who may be unfamiliar with T n (k).
Theorem 2.7. Let (k, | · |) be a non-Archimedean field, and let n be a positive integer. Then, the Tate algebra T n (k) satisfies the following properties:
is Jacobson, that is, every radical ideal is the intersection of the maximal ideals containing it.
(iv) All maximal ideals of T n (k) are generated by n elements and have height n. In particular, T n (k) has Krull dimension n. For proofs of the Weierstrass Division and Preparation theorems, one works with certain distinguished elements in T n (k) that we now introduce. These elements should be thought of as power series analogues of essentially monic polynomials (with respect to one of the variables) in polynomial rings.
• g s is a unit in T n−1 (k); and • g s = g and g s > g ν for every ν > s.
Remark 2.9.
(i) An element f ∈ T n (k) is a unit if and only if the constant term of f has absolute value strictly bigger than the absolute value of the coefficients of all other terms of f [Bos14, Cor. 2.2/4]. In the language of distinguished elements, f ∈ T n (k) is a unit precisely when it is X n -distinguished of order 0. (ii) An X n -distinguished g ∈ T n (k) always has a term that just involves the variable X n . Indeed, if g = ∞ ν=0 g ν X ν n ∈ T n (k) is distinguished of order s, then g s , being a unit, has a nonzero constant term. Then g has a term of the form a s X s n , where a s ∈ k × is the constant term of g s . (iii) Every nonzero element of T 1 (k) = k{X} is X-distinguished of order equal to the value of the element under the associated Euclidean function that gives T 1 (k) the structure of a Euclidean domain (see Theorem 2.7(vi)).
The next result can be thought of as the Tate algebra analogue of a technique used in the proof of Noether normalization for finite type algebras over a field that makes polynomials essentially monic in one of the variables upon applying a suitable ring automorphism. In fact, this result is used to prove the rigid-analytic analogue of Noether normalization for quotients of Tate algebras.
Lemma 2.10 (see [Bos14, Lem. 2.2/7]). Given finitely many nonzero elements g 1 , g 2 , . . . , g r ∈ T n (k), there is a k-algebra automorphism (automatically continuous)
for some α 1 , α 2 , . . . , α n−1 ∈ Z ≥0 such that the elements σ(g 1 ), σ(g 2 ), . . . , σ(g r ) are X n -distinguished.
2.2. Continuous maps, spherically complete fields, and the Hahn-Banach extension property.
We begin by giving alternate characterizations of continuous maps of normed spaces. Recall that by Convention 2.2, all non-Archimedean fields are complete and non-trivially valued. Given a normed space (E, · ), we will say that a subset S ⊆ E is bounded if and only if there exists some a ∈ R ≥0 such that S is contained in the closed ball B a (0) of radius a centered at 0 ∈ E.
Lemma 2.11. Let (k, | · |) be a non-Archimedean field and (E, · E ), (F, · F ) be normed spaces. Then, for a k-linear map f : E → F , the following are equivalent:
(i) f is continuous.
(ii) f maps null sequences to null sequences.
(iii) f maps null sequences to bounded sequences.
(iv) f maps bounded sets to bounded sets.
Proof. Since a null sequence converges to 0, (i) ⇒ (ii) follows by the continuity of f and the fact that f maps 0 to 0. (ii) ⇒ (iii) holds because null sequences are bounded. For (iii) ⇒ (iv), assume for contradiction that there exists some a ∈ R >0 such that f (B a (0)) is unbounded. Then, there exists a sequence (x n ) n ⊆ B a (0) and a sequence (c n ) n ⊆ k × such that f (x n ) F ≥ |c n | for all n > 0, and |c n | → ∞ as n → ∞. Here we use the non-triviality of |k × | to get the sequence (c n ) n with said properties. Since (x n ) n is bounded, (c −1 n x n ) n is a null sequence whose image is an unbounded sequence, because
This contradicts (iii), completing the proof of (iii) ⇒ (iv).
The proof of (iv) ⇒ (v) is clear. For (v) ⇒ (vi), by non-triviality of |k × |, we may choose a nonzero c ∈ k such that 0 < |c| < 1, |c| ≤ a, and consequently, f (B |c| (0)) ⊆ B b (0). Let x ∈ E and choose m ∈ Z such that
(2)
We have c −m x E ≤ |c|, and so,
where the middle inequality follows because f (B |c| (0)) ⊆ B b (0), and the final inequality follows from (2). Then taking B := |c| −2 b, we get (v) ⇒ (vi). Finally, (vi) ⇒ (i) by using the ǫ-δ definition of continuity. This finishes the proof of the Lemma.
Thus, by Lemma 2.11, for a continuous linear map f :
is finite. In other words, all continuous maps of normed spaces are bounded continuous. We next introduce the Hahn-Banach extension property over non-Archimedean fields. The corresponding extension property over R or C is one of the most important results in functional analysis. 
We say E satisfies the Hahn-Banach extension property if ǫ can be chosen to be 0 for the extension f , that is, if there exists an extension f such that | f (x)| ≤ x for all x ∈ E.
The terminology "(1 + ǫ)-Hahn-Banach extension property" is used in passing in [PGS10] , but it is convenient. Note that both f and its extension f are continuous by Lemma 2.11. In particular, the (1 + ǫ)-Hahn-Banach extension property guarantees that E has many continuous linear functionals. We are particularly interested in conditions on the non-Archimedean field k which guarantee that every normed space over k satisfies the (1 + ǫ)-Hahn-Banach extension property or the usual Hahn-Banach extension property. This leads to the notion of a spherically complete field, which should be viewed as a generalization of a (complete) non-Archimedean field with a discrete value group.
Definition 2.13. A non-Archimedean field (k, | · |) is spherically complete if, for every decreasing sequence of closed disks
the intersection n D n is non-empty.
Remark 2.14.
(i) The defining property of spherical completeness implies completeness, even though our convention is that non-Archimedean fields are complete (see [vR78, p. 24] Theorem 2.15 raises the natural question of whether one can construct Banach spaces over a non-Archimedean field whose continuous dual space is trivial. The next result shows that such spaces exist for every non-Archimedean field that is not spherically complete because any non-Archimedean field embeds into one that is spherically complete by Remark 2.14(iii). 
Frobenius splitting of some Tate algebras
We begin by giving a topological characterization of Frobenius splitting of Tate algebras over non-Archimedean fields of prime characteristic. Proof. (i) ⇒ (ii) is clear since Frobenius splittings are nonzero p −1 -linear maps. Similarly, so is (ii) ⇒ (iii). For (iii) ⇒ (iv), we may assume n > 1. Let Φ : F Tn * T n → T n be a nonzero p −1 -linear map, and choose a ∈ F Tn * T n such that Φ(a) = 0. By replacing Φ with Φ • F Tn * (− · a), we may assume that Φ is such that Φ(1) = 0. We now modify Φ to create a p −1 -linear map Φ : F Tn * T n → T n such that 1 maps to an element not contained in the ideal (X 1 , X 2 , . . . , X n−1 ). By Lemma 2.10, there exists an automorphism σ : T n → T n such that g = σ(Φ(1)) is X n -distinguished in the sense of Definition 2.8. In particular, g / ∈ (X 1 , X 2 , . . . , X n−1 ) by Remark 2.9(ii). Now consider the composition
We claim that Φ is T n -linear, and hence Φ is a p −1 -linear map. We will exploit the fact that σ is a ring automorphism to see this. Let h ∈ T n and f ∈ F Tn * T n . We then have
as desired. Since σ −1 maps 1 to 1, we see that Φ maps 1 to the X n -distinguished element g. Finally, consider the composition
where π is the quotient map sending X 1 , X 2 , . . . , X n−1 to 0. The composition is a p −1 -linear map for k{X n }, and sends 1 to a nonzero element in k{X n } because g / ∈ (X 1 , X 2 , . . . , X n−1 ) = ker(π). For (iv) ⇒ (v), we will use the fact that T 1 is a Euclidean domain (Theorem 2.7(vi)), hence in particular a principal ideal domain (PID). Let K := Frac(T 1 ) and let Φ : F T1 * T 1 −→ T 1 be a nonzero map. Since T 1 is a PID, there exists a nonzero a ∈ T 1 such that im(Φ) = aT 1 . Then by construction, the composition
is a T 1 -linear map whose image is T 1 . Therefore, restricting the codomain of this composition to T 1 gives us a surjective p −1 -linear map Φ : F T1 * T 1 → → T 1 . Let x ∈ F T1 * T 1 such that Φ(x) = 1. Then, the composition
We now show (vi) ⇒ (i). Let c ∈ F k * k be such that f (c) = b = 0. Then, the composition
is a continuous k-linear splitting of the Frobenius homomorphism F k : k → F k * k. Now on F Tn * T n , we consider the homomorphism
of T n -modules, where p · Z n ≥0 denotes the submonoid of Z n ≥0 where each coordinate is divisible by p, and for ν ∈ p · Z n ≥0 , the multi-index ν/p is obtained by dividing every coordinate by p. The homomorphism indeed defines a map to T n since if |a ν | → 0, then |φ(a ν )| → 0 by continuity of φ (see Lemma 2.11). Since Φ maps 1 ∈ F Tn * T n to 1 ∈ T n , we get a Frobenius splitting of T n .
It remains to show (v) ⇒ (vi). Let Φ : F k{X} * k{X} → k{X} be a Frobenius splitting of T 1 = k{X}, and consider the composition
Note that f is a nonzero k-linear homomorphism since f maps 1 ∈ F k * k to 1 ∈ k. Assume for contradiction that f is not continuous, and choose by Lemma 2.11 a sequence (a i ) i∈Z ≥0 ⊆ F k * k such that |a i | → 0 as i → ∞ and such that denoting
Using this sequence (a i ), we construct a restricted power series in k{X} whose image under Φ does not land in k{X}. Let m 0 := 0, and for all i ≥ 1, inductively choose m i ≫ m i−1 such that max
Note that such m i exist because |b i,0 | → ∞ as i → ∞. We then have
by the non-Archimedean triangle inequality. Now consider the restricted power series ∞ r=0 a mr X rp ∈ k{X}.
Applying the Frobenius splitting Φ to this power series we see that for all i ∈ Z ≥0 ,
Note that the second term in (4) is divisible by X i+1 . Thus, it does not contribute to the coefficient of X i in Φ( ∞ r=0 a mr X rp ). For every i ∈ Z ≥0 , we then have
where the penultimate equality follows by Lemma 2.3 and by (3). Therefore Φ( ∞ r=0 a mr X rp ) cannot be a restricted power series, contradicting the assumption that Φ maps into T 1 . Thus, f must be continuous.
This topological characterization shows that Tate algebras are Frobenius split in many commonly occurring cases.
Corollary D. Let (k, | · |) be a non-Archimedean field of characteristic p > 0. For every n > 0, the Tate algebra T n (k) is Frobenius split in the following cases:
(i) (k, | · |) is spherically complete.
(ii) k 1/p has a dense k-subspace V which has a countable k-basis, hence in particular if [k 1/p : k] < ∞.
(iii) |k × | is not discrete, and the norm on k 1/p is polar.
We note that (i) and (ii) arose out of conversations with Eric Canton and Matthew Stevenson.
Proof. In each of the above cases, Theorem 2.15 implies that the identity map id k : k → k can be extended to a continuous k-linear map k 1/p → k. We are then done by Theorem B.
A local construction
We now show how the topological characterization of Frobenius splittings of Tate algebras can be extended to a similar local construction involving convergent power series rings. This will in turn yield local examples of excellent regular rings that are not Frobenius split in Section 5.
Definition 4.1 (see [Nag75, ). Let (k, | · |) be a non-Archimedean field. For every positive integer n > 0, the convergent power series ring in n indeterminates over k is the k-subalgebra K n (k) := k X 1 , X 2 , . . . , X n := ν∈Z n ≥0 a ν X ν : a ν ∈ k and there exist r 1 , r 2 , . . . , r n ∈ R >0 and M ∈ R >0 such that |a ν | r ν1 1 . . . r νn n ≤ M for all ν ∈ Z n ≥0 of the formal power series k X 1 , X 2 , . . . , X n in n indeterminates over k. 2 For n = 1, we will denote the indeterminate in K 1 (k) by just X instead of X 1 .
Remark 4.2. It is clear that T n (k) is a subring of K n (k) for each n > 0. For n = 1, an element of K 1 (k) is a power series i a i X i for which there exists real numbers r, M > 0 such that |a i | ≤ M r −i for all i ∈ Z ≥0 . We can always assume 0 < r < 1, and so, i a i X i is convergent precisely when the norms of its coefficients can be bounded by some exponential function.
Now on F Kn * K n , we consider the homomorphism
f (a ν )X ν/p , of K n -modules, which we claim indeed maps to K n . This is because if r 1 , r 2 , . . . , r n and M are positive real numbers such that for every ν ∈ Z n ≥0 we have |a ν |r ν1 1 · · · r νn n ≤ M , then for every ν ∈ p · Z n ≥0 , we have |f (a ν )| (r p 1 ) ν1/p (r p 2 ) ν2/p · · · (r p n ) νn/p ≤ B · |a ν | r ν1 1 r ν2 2 · · · r νn n ≤ B · M. Said differently, the defining condition of a convergent power series can be checked for ν∈p·Z n ≥0 f (a ν )X ν/p upon replacing r 1 , r 2 , . . . , r n by r p 1 , r p 2 , . . . , r p n and M by B · M . Since Φ maps 1 ∈ F Kn * K n to 1 ∈ K n , we get a Frobenius splitting of K n .
The proof of (v) ⇒ (vi) follows from the proof of the same implication in Theorem B by replacing T 1 by K 1 and the phrase "restricted power series" by the phrase "convergent power series" everywhere. This is because in Theorem B, assuming that F k * k admits no nonzero continuous functionals F k * k → k, we construct a restricted (hence convergent) power series whose image under the Frobenius splitting is a power series whose coefficients have norms growing factorially. Therefore, the image cannot be a convergent power series using Remark 4.2.
Remark 4.5. Let m be the maximal ideal of T n (k) generated by the indeterminates. Then, one can show the following are equivalent:
(i) (T n (k)) m is Frobenius split (resp. has a nonzero p −1 -linear map) for each integer n > 0.
(ii) (T n (k)) h m is Frobenius split (resp. has a nonzero p −1 -linear map) for each integer n > 0. (iii) There exists a nonzero continuous k-linear homomorphism f : F k * k → k. (iii) ⇒ (i) follows from Theorem B and localization, and (i) ⇒ (ii) follows by base extension since the relative Frobenius of the map from a local ring to its Henselization is an isomorphism. The implication (ii) ⇒ (iii) follows from the proof of (v) ⇒ (vi) in Theorem 4.4. This is because we have k-algebra inclusions T n ⊆ (T n ) m ⊆ (T n ) h m ⊆ K n by the universal property of localization applied to T n ֒→ K n and the Henselian property of K n (see Theorem 4.3(iii)), and because of the fact that assuming the negation of (iii), we can construct a restricted power series whose image under a splitting does not even land in K n .
We also obtain an analogue of Corollary D for K n .
Corollary 4.6. Let (k, | · |) be a non-Archimedean field of characteristic p > 0. For every n > 0, the convergent power series ring K n (k) is Frobenius split in the following cases:
Proof. Lifting id k : k → k to a continuous k-linear map k 1/p → k using Theorem 2.15, the Corollary then follows by Theorem 4.4.
Gabber's example of a non-Archimedean field with no nonzero continuous p −1 -linear maps
Following some ideas of Ofer Gabber, we now construct a non-Archimedean field (k, | · |) of prime characteristic p > 0 such that F k * k has no nonzero continuous k-linear functionals. We again reiterate that the possibility of the existence of such examples is suggested by Gerritzen [Ger67] and Kiehl [Kie69] (see also [BGR84, p. 63 ]), and that while similar constructions of valuative fields with infinite p-degree had been studied by Blaszczok and Kuhlmann [BK15] , the connection with the existence of continuous functionals was not made (see Remark 5.4).
Recall from the Notation subsection in Section 1 that we can identify the Frobenius homomorphism k → F k * k for k as above with the inclusion k ֒→ k 1/p of k into the field k 1/p of p-th roots of elements in k.
The field k 1/p has a unique norm extending the one on k (see Remark 2.5(ii)), and we will continue denoting this norm on k 1/p by | · |. In this new notation, we want to show that there exists a non-Archimedean field k with no nonzero continuous functionals k 1/p → k.
The idea behind the example is to create a non-Archimedean field (k, |·|) which is not spherically complete, but such that k admits an extension k ֒→ ℓ ֒→ k 1/p where ℓ is spherically complete under the restriction of the norm on k 1/p to ℓ. One then gets the desired result by applying Proposition 2.17.
We first review some standard constructions of fields associated to an additive value group Γ.
Definition 5.1 (see [Poo93, §3; Efr06, § §2.8-2.9]). Let K be a field, and let Γ ⊆ R be an additive subgroup. The field of generalized rational functions is the field of fractions K(t Γ ) of the ring of generalized polynomials
The field K(t Γ ) embeds inside the Hahn series field K((t Γ )) := γ∈Γ a γ t γ : the set {γ ∈ Γ : a γ = 0} is well-ordered .
These fields are compatibly valued with the analogue of the Gauss norm 4 :
The value groups of K(t Γ ) and K((t Γ )) are clearly e −Γ , and their residue fields are both K. The Hahn series field K((t Γ )) is spherically complete (hence also complete) with respect to the analogue of the Gauss norm [Poo93, Thm. 1]. It is also called a Mal ′ cev-Neumann field (see [Poo93, p. 88] ).
Theorem 5.2. Let K be a field of characteristic p > 0, and let Γ ⊆ R be an additive subgroup such that Γ/pΓ is infinite. Consider the compositum M := K((t pΓ )) . K(t Γ ) ⊆ K((t Γ )) of fields over K(t pΓ ) with norm induced by that on K((t Γ )). Then, the following properties hold:
(i) There is a bounded sequence (r i ) i∈Z ≥0 of pairwise distinct coset representatives of pΓ in Γ.
(ii) M is the algebraic extension of K((t pΓ )) consisting of Hahn series in K((t Γ )) whose exponents lie in finitely many cosets of pΓ in Γ. We first explicitly describe an additive subgroup Γ satisfying the hypotheses above. Proof of Theorem 5.2. We first show (i). Since Γ/pΓ is infinite, the group Γ is not discrete (that is, isomorphic to Z), and hence pΓ is also not discrete. Consequently, both groups are dense in R. Choose any sequence (r i ) i∈Z>0 of pairwise distinct coset representatives of pΓ in Γ. By the density of pΓ in R, for each r i , there exists f i ∈ pΓ such that |r i − f i | < 1. Then, replacing (r i ) i by (r i − f i ) i gives a sequence of pairwise distinct coset representatives of pΓ in Γ such that {r i − f i } i ⊆ (−1, 1), proving (i).
We next show (ii). Note that M can be identified as a subfield of K((t Γ )) by adjoining to K((t pΓ )) the p-th roots t γ of elements of the form t pγ ∈ K((t pΓ )), for γ ∈ Γ. Moreover, since every element of M lies in a subfield K((t pΓ ))(t γ1 , t γ2 , . . . , t γn ), for some finite set of elements γ 1 , γ 2 , . . . , γ n ∈ Γ, it follows that M consists of those Hahn series of K((t Γ )) whose exponents lie in finitely many cosets of pΓ in Γ.
We now show (iii). We first claim that the extensions M ⊆ M ⊆ K((t Γ )) (5) are immediate extensions of non-Archimedean fields. For this, it suffices to show that M ⊆ K((t Γ )) is immediate. The field M has the same value group as K((t Γ )) (the norm of the p-th root of t pγ equals e −γ , for every γ ∈ Γ), and both M and K((t Γ )) have residue field K, showing that M ⊆ K((t Γ )) is immediate.
Since spherically complete fields do not admit proper immediate extensions by Remark 2.14(iv), to show that M is not spherically complete, it therefore suffices to show that M is a proper subfield of K((t Γ )) in the sequence (5) of immediate extensions. By (i), there is a bounded sequence (r i ) i of pairwise distinct coset representatives of pΓ in Γ. By passing to a subsequence we may assume (r i ) i is strictly increasing or strictly decreasing. After possibly replacing every r i by −r i , we may further assume that the sequence (r i ) is strictly decreasing and bounded below by a real number r ∈ R. The set {−r i } i∈Z ≥0 is then well-ordered and bounded above by −r. We claim the Hahn series
does not lie in M . For this, it suffices to show that elements in M are bounded away from i t −ri . Let g ∈ M be arbitrary. Since the r i do not lie in pΓ, the series g ∈ M can only contain finitely many of the −r i as exponents by (ii). Let i g be such that −r ig does not appear as an exponent in g. We therefore see that
for some b γ ∈ K, where the middle inequality follows by definition of the Gauss norm · on K((t Γ )), and the last inequality follows from the fact that the sequence (r i ) is strictly decreasing and bounded below by r. Therefore, the ball of radius e r centered at f contains no element of M . Hence, M is not dense in K((t Γ )), and consequently M is a proper subfield of K((t Γ )) because M is dense in M . Finally, we show (iv). Since M is not spherically complete by (iii), it follows that there are no nonzero continuous M -linear maps K((t Γ )) → M by Proposition 2.17. Since we have the inclusions 
